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Abstract
This paper is devoted to the study of matter collineations of plane
symmetric spacetimes (for a particular class of spacetimes) when the
energy-momentum tensor is non-degenerate. There exists many inter-
esting cases where we obtain proper matter collineations. The matter
collineations in these cases are four, five, six, seven and ten with some
constraints on the energy-momentum tensor. We have solved some of
these constraints to obtain solutions of the Einstein field equations.
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1 Introduction
It has been an interesting subject to use the symmetry group of a spacetime
in constructing the solution of the Einstein field equation (EFEs) given by
Gab ≡ Rab − 1
2
Rgab = κTab, (1)
where Gab are components of the Einstein tensor, Rab are components of the
Ricci tensor and Tab are components of the matter (energy-momentum) ten-
sor, R is the Ricci scalar and κ is the gravitational constant. Further, these
∗msharif@math.pu.edu.pk
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solutions are classified according to the Lie algebra structure generated by
these symmetries. Curvature and the Ricci tensors are the important quan-
tities which play a significant role in understanding the geometric structure
of spacetime. A pioneer study of curvature collineations (CCs) and Ricci
collineations (RCs) has been carried out by Katzin, et al [1] and a further
classification of CCs and RCs has been obtained by different authors [2,3].
Symmetries of the Ricci tensor and, in particular, energy-momentum ten-
sor have recently been studied. The Einstien tensor quite naturally arises in
the theory of General Relativity and is related, via EFEs, to the material
content of the spacetime. Thus it has an important role in this theory. In
this paper, we shall analyze the properties of a vector field along which the
Lie derivative of the energy-momentum tensor vanishes, i.e., LξTab = 0.
A smooth vector field ξ is said to preserve a matter symmetry [4] onM if,
for each smooth local diffeomorphism φt associated with ξ, the tensors T and
φ∗tT are equal on the domain U of φt, i.e., T = φ
∗
tT . Equivalently, a vector
field ξa is said to generate a matter collineation if it satisfies the following
equation
£ξTab = 0, or Tab,cξ
c + Tacξ
c
,b + Tcbξ
c
,a = 0, (a, b, c = 0, 1, 2, 3), (2)
where £ is the Lie derivative operator, ξa is the symmetry or collineation
vector. Every Killing vector (KV) is a matter collineation (MC) but the
converse is not true, in general. A proper MC is an MC which is not a KV,
or a homothetic vector.
There is a growing interest in the study of MCs [5-7 and references
therein]. Hall, et al [5], in the discussion of RC and MC, have argued that
the symmetries of the energy-momentum tensor may also provide some extra
understanding of the subject which has not been provided by KVs, Ricci and
CCs. Carot, et al [6,7] have discussed MCs from the point of view of the
Lie algebra of vector fields generating them and, in particular, he discussed
spacetimes with a degenerate Tab. Some recent investigations [8-20] show
keen interest in the study of matter collineations. In the papers [13-15], the
study of MCs has been taken for spherically symmetric, static plane sym-
metric and cylindrically symmetric spacetimes and some interesting results
have been obtained. Recently, the proper MCs of non-static plane symmet-
ric spacetimes have been found [19] when the energy-momentum tensor is
degenerate for spacetimes satisfying T01 = 0. It turns out that this admits
an MC Lie algebra of 4, 6, 10 dimensions apart from the infinite dimensional
algebras. This paper extends the above study to the non-degenerate case.
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The distribution of the paper is as follows. In the next section, we write
down the MC equations for plane symmetric spacetimes. In section 3, we
calculate MCs by solving MC equations for the non-degenerate case. Section
4 carries some examples satisfying the constraints. Finally, a discussion of
the results is given in the last section.
2 Matter Collineation Equations
The most general form of the plane symmetric metric is given in the form
[21]
ds2 = eν(t,x)dt2 − eλ(t,x)dx2 − eµ(t,x)(dy2 + dz2), (3)
where ν, λ and µ are arbitrary functions of t and x. The surviving compo-
nents of the energy-momentum tensor are given as
T00 =
1
4
(µ˙2 + 2µ˙λ˙)− 1
4
ev−λ(4µ′′ + 3µ′2 − 2µ′λ′),
T01 = −1
2
(2µ˙′ + µ˙µ′ − µ˙v′ − µ′λ˙),
T11 =
1
4
(µ′
2
+ 2µ′ν ′)− 1
4
eλ−ν(4µ¨+ 3µ˙2 − 2µ˙ν˙),
T22 =
1
4
eµ−λ(2µ′′ + µ′
2 − µ′λ′ + µ′ν ′ − λ′ν ′ + ν ′2 + 2ν ′′)
− 1
4
eµ−ν(2µ¨+ µ˙2 − µ˙ν˙ + µ˙λ˙− ν˙λ˙+ λ˙2 + 2λ¨),
T33 = T22. (4)
Here dot and prime indicate differentiation w.r.t. time and x coordinate
respectively. The MC equations can be written as follows
2T01ξ
1
,0 + T00,0ξ
0 + T00,1ξ
1 + 2T00ξ
0
,0 = 0, (5)
T01,0ξ
0 + T01ξ
0
0 + T00ξ
0
,1 + T01,1ξ
1 + T11ξ
1
,0 + T01ξ
1
,1 = 0, (6)
T00ξ
0
,2 + T01ξ
1
,2 + T22ξ
2
,0 = 0, (7)
T00ξ
0
,3 + T01ξ
1
,3 + T22ξ
3
,0 = 0, (8)
T11,0ξ
0 + 2T01ξ
0
1 + T11,1ξ
1 + 2T11ξ
1
,1 = 0, (9)
T01ξ
0
,2 + T11ξ
1
,2 + T22ξ
2
,1 = 0, (10)
T01ξ
0
,3 + T11ξ
1
,3 + T22ξ
3
,1 = 0, (11)
3
T22,0ξ
0 + T22,1ξ
1 + 2T22ξ
2
,2 = 0, (12)
T22(ξ
2
,3 + ξ
3
,2) = 0, (13)
T22,0ξ
0 + T22,1ξ
1 + 2T22ξ
3
,3 = 0. (14)
These are the first order non-linear partial differential equations in four vari-
ables ξa(xb). We restrict ourselves with the assumption T01 = 0 for the sake
of simplicity. For this purpose, either we need to make transformations such
that T01 = 0 or we take such spacetimes which satisfy this condition. Here
we take the following class of metrics satisfying this assumption.
E(2))⊗R, where R = ∂x if and only if ν = ν(t), λ = λ(t), µ = 2 ln t.
For the sake of simplicity, we use the notation Taa = Ta when T01 = 0. The
solution of these equations for the degenerate case, i.e., det(Tab) = 0 for the
above class of metrics has already been completed [19]. In this paper, we are
giving the complete classification for the non-degenerate case with T01 = 0.
3 Solution for the Non-Degenerate Case
This section explicitly provides a complete classification of plane symmetric
spacetimes for the non-degenerate case for the above mentioned case.
For this case, MC Eqs.(5)-(14) reduce to
T0,0ξ
0 + 2T0ξ
0
,0 = 0, (15)
T0ξ
0
,1 + T1ξ
1
,0 = 0, (16)
T0ξ
0
,2 + T2ξ
2
,0 = 0, (17)
T0ξ
0
,3 + T2ξ
3
,0 = 0, (18)
T1,0ξ
0 + 2T1ξ
1
,1 = 0, (19)
T1ξ
1
,2 + T2ξ
2
,1 = 0, (20)
T1ξ
1
,3 + T2ξ
3
,1 = 0, (21)
T2,0ξ
0 + 2T2ξ
2
,2 = 0, (22)
T2(ξ
2
,3 + ξ
3
,2) = 0, (23)
T2,0ξ
0 + 2T2ξ
3
,3 = 0. (24)
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When we solve Eqs.(15)-(24) simultaneously, after some algebraic computa-
tions, we obtain
ξ0 = −T2
T0
{1
2
A˙1(y
2 + z2) + A˙2z + A˙3y}+ A4,
ξ1 = −T2
T1
{1
2
A′1(y
2 + z2) + A′2z + A
′
3y}+ A5,
ξ2 = c2yz +
c3
2
(z2 − y2) + c4z + A1y + A3,
ξ3 =
c2
2
(z2 − y2)− (c3z + c4)y + A1z + A2 (25)
subject to the constraints
T˙2A˙1 = 0, (26)
T˙1
T0
A˙i + 2A
′′
i = 0, (27)
T˙2
T2
A4 + 2A1 = 0, (28)
T˙2
T2
√
T0
g2(x)− 2c2 = 0, (29)
T˙2
T2
√
T0
g3(x) + 2c3 = 0, (30)
T˙2
T2
√
T0
g4(x) + 2A1 = 0, (31)
T˙1
T2
√
T0
gi(x) + 2A
′′
i = 0, (32)
A′i =
√
T1
T2
fi(x), A˙i =
√
T0
T2
gi(x), (i = 1, 2, 3) (33)
A′5 = −
T˙1
2T1
√
T0
g4(x), A˙5 = −
√
T0
T1
g′4(x), (34)
where c2, c3, c4 are arbitrary constants and Aµ = Aµ(t, x)(µ = 1, 2, 3, 4, 5),
fi(x), gi(x), g4(x) are integration functions. Thus the problem is reduced
to solving the set of Eqs.(15)-(24) subject to the constraint Eqs.(26)-(34).
From Eqs.(29) and (30), there arise the following two cases:
(1) (
T˙2
T2
√
T0
). 6= 0, (2) ( T˙2
T2
√
T0
). = 0.
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Case (1): In this case, we have T˙2 6= 0 and Eq.(26) yields A1 = A1(x). Then
it follows from Eq.(31) that
T˙2
T2
√
T0
g4(x) + 2A1(x) = 0 (35)
which is possible only if g4 = 0 = A1. Also, from Eqs.(28) and (34), we have
A4 = 0, A5 = c0. Now Eqs.(29) and (30) yield that g2 = 0 = g3, c2 = 0 = c3
and from Eqs.(32) and (33), we have fj(x) = aj , (j = 2, 3), where aj are
arbitrary constants. Also, it follows from Eq.(33) that
A˙j = 0, A
′
j =
√
T1
T2
aj
which gives
Aj =
√
T1
T2
ajx+ hj(t), (36)
(
√
T1
T2
).ajx+ h˙j(t) = 0.
This implies that either
(i) (
√
T1
T2
). = 0, or (ii) (
√
T1
T2
). 6= 0.
For both the cases hj(t) = bj , where bj , (j = 2, 3) are arbitrary constants and
hence Eq.(36) takes the form
Aj =
√
T1
T2
ajx+ bj (37)
Case 1(i): Here we have (T1
T2
). = 0 which implies that T1 = dT2, where d is
an arbitrary constant. Thus Eq.(37) reduces to
Aj = djx+ bj , (j = 2, 3) (38)
where dj (j = 2, 3) are arbitrary constants. Consequently, we obtain six
independent MCs out of which three are the minimal KVs of plane symmetric
and three are proper MCs. These are given by
ξ(1) = ∂y, ξ(2) = ∂z, ξ(3) = z∂y − y∂z,
ξ(4) = ∂x, ξ(5) = x∂z − T2
T1
z∂x, ξ(6) = x∂y − T2
T1
y∂x. (39)
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The corresponding Lie algebra is given by
[ξ(1), ξ(3)] = −ξ(2), [ξ(1), ξ(6)] = −T2
T1
ξ(4), [ξ(2), ξ(3)] = ξ(1),
[ξ(2), ξ(5)] = −T2
T1
ξ(4), [ξ(3), ξ(5)] = ξ(6), [ξ(3), ξ(6)] = −ξ(5),
[ξ(4), ξ(5)] = ξ(2), [ξ(4), ξ(6)] = ξ(1), [ξ(5), ξ(6)] = −T2
T1
ξ(3),
[ξ(i), ξ(j)] = 0, (otherwise).
Case 1(ii): Here (
√
T1
T2
). 6= 0 which implies that aj = 0 and then Eq.(37)
reduces to Aj = bj . Solving the MCs equations, we obtain three usual plane
symmetry KVs and one proper MC.
Case 2. This case yields ( T˙2
T2
√
T0
) = α, where α is an arbitrary constant
which can be zero or non-zero.
Case 2(i): First we take α 6= 0 which implies T˙2 6= 0. It follows from
Eqs.(26), (29) and (30) that
g2 =
2c2
α
, g3 = −2c3
α
, A1 = A1(x) (40)
and hence Eq.(33) yields
(
T2
T1
).A′i = 0. (41)
This implies further two possibilities:
(a) (
T2
T1
). 6= 0, (b) (T2
T1
). = 0.
For the case 2i(a), Eq.(40) implies that A1 = c5 and consequently Eqs.(27),
(28) and (34) respectively yield
T˙1A˙i = 0, A4 = − 2c5
α
√
T0
, (42)
A˙5 = 0, A
′
5 =
T˙1
αT1
√
T0
c5, (43)
A5 =
T˙1
αT1
√
T0
c5x+ c0. (44)
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Eq.(43) further gives two possibilities
(∗) ( T˙1
T1
√
T0
). 6= 0, (∗∗) ( T˙1
T1
√
T0
). = 0.
In the case 2ia(∗), T˙1 6= 0, we obtain three usual plane symmetry KVs and
one proper MC.
For the case 2ia(∗∗), we have T˙1
T1
√
T0
= β, where β is an arbitrary constant
which can be zero or non-zero. When β 6= 0, the proper MCs are given by
ξ(4) = ∂x, ξ(5) = − 2
α
√
T0
∂t +
β
α
x∂x + y∂y + z∂z . (45)
The Lie algebra will become
[ξ(1), ξ(3)] = −ξ(2), [ξ(1), ξ(5)] = ξ(1), [ξ(2), ξ(3)] = ξ(1),
[ξ(2), ξ(5)] = ξ(2), [ξ(4), ξ(5)] =
β
α
ξ(4), [ξ(i), ξ(j)] = 0, (otherwise).
For β = 0, the proper MCs are
ξ(4) = ∂x,
ξ(5) = − 2
α
√
T0
z∂t + yz∂y + {1
2
(z2 − y2)− 2
α2T2
}∂z,
ξ(6) =
2
α
√
T0
y∂t + {1
2
(z2 − y2) + 2
α2T2
}∂y − yz∂z,
ξ(7) = − 2
α
√
T0
∂t + y∂y + z∂z . (46)
The Lie algebra is
[ξ(1), ξ(3)] = −ξ(2), [ξ(1), ξ(5)] = ξ(3), [ξ(1), ξ(6)] = −ξ(7),
[ξ(1), ξ(7)] = ξ(1), [ξ(2), ξ(3)] = ξ(1), [ξ(2), ξ(5)] = ξ(7),
[ξ(2), ξ(6)] = ξ(3), [ξ(2), ξ(7)] = ξ(2), [ξ(3), ξ(5)] = ξ(6),
[ξ(3), ξ(6)] = −ξ(5), [ξ(5), ξ(7)] = −ξ(5), [ξ(6), ξ(7)] = −ξ(6),
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[ξ(i), ξ(j)] = 0, (otherwise).
For the case 2i(b), T2 = γT1, where γ is non-zero arbitrary constant,
the proper MCs are
ξ(4) = ∂x,
ξ(5) =
x√
γ
∂z −√γz∂x,
ξ(6) = − 2
α
√
T0
z∂t + zx∂x + yz∂y +
1
2
(z2 − y2 − x
2
γ
− 4
α2T2
)∂z ,
ξ(7) =
2
α
√
T0
y∂t − yx∂x + 1
2
(z2 − y2 + x
2
γ
+
4
α2T2
)∂y − yz∂z,
ξ(8) = − 2
α
√
T0
x∂t +
γ
2
(
x2
γ
− y2 − z2 − 4
α2T2
)∂x + xy∂y + xz∂z ,
ξ(9) = − 2
α
√
T0
∂t + x∂x + y∂y + z∂z ,
ξ(10) =
x√
γ
∂y −√γy∂x. (47)
The Lie algebra is given by
[ξ(1), ξ(3)] = −ξ(2), [ξ(1), ξ(6)] = ξ(3), [ξ(1), ξ(7)] = −ξ(9),
[ξ(1), ξ(8)] =
√
γξ(10), [ξ(1), ξ(9)] = ξ(1), [ξ(1), ξ(10)] = −√γξ(4),
[ξ(2), ξ(3)] = ξ(1), [ξ(2), ξ(5)] = −√γξ(4), [ξ(2), ξ(6)] = ξ(9),
[ξ(2), ξ(7)] = ξ(3), [ξ(2), ξ(8)] =
√
γξ(5), [ξ(2), ξ(9)] = ξ(2),
[ξ(3), ξ(5)] = −ξ(10), [ξ(3), ξ(6)] = ξ(7), [ξ(3), ξ(7)] = −ξ(6),
[ξ(3), ξ(10)] = ξ(5), [ξ(4), ξ(5)] =
1√
γ
ξ(2), [ξ(4), ξ(6)] = − 1√
γ
ξ(5),
[ξ(4), ξ(7)] =
1√
γ
ξ(10), [ξ(4), ξ(8)] = ξ(9), [ξ(4), ξ(9)] = ξ(4),
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[ξ(4), ξ(10)] =
1√
γ
ξ(1), [ξ(5), ξ(6)] =
1√
γ
ξ(8), [ξ(5), ξ(8)] = −√γξ(6),
[ξ(5), ξ(10)] = −ξ(3), [ξ(6), ξ(9)] = −ξ(6), [ξ(7), ξ(9)] = −ξ(7),
[ξ(7), ξ(10)] =
1√
γ
ξ(8), [ξ(8), ξ(9)] = −ξ(8), [ξ(8), ξ(10)] = −√γξ(7),
[ξ(i), ξ(j)] = 0, (otherwise).
Case 2(ii): Here α = 0 and we have T2 = constant. Eqs.(29), (30) and (31)
yield c2 = 0 = c3, A1 = 0 and Eq.(33) gives
(
(
√
T1)
.
√
T0
).fj(x) = 0. (48)
This leads to two possibilities
(a) (
(
√
T1)
.
√
T0
). = 0, (b) (
(
√
T1)
.
√
T0
). 6= 0.
For the case 2ii(a), we have (
√
T1).√
T0
= δ, where δ is an arbitrary constant
which can be zero or non-zero.
In the case 2iia(∗), when δ 6= 0, the proper MCs are
ξ(4) = ∂x,
ξ(5) =
1√
T0
cos δx∂t − 1√
T1
sin δx∂x,
ξ(6) =
1√
T0
sin δx∂t +
1√
T1
cos δx∂x,
ξ(7) = − z√
T0
cos δx∂t +
z√
T1
sin δx∂x +
√
T1
δT2
cos δx∂z ,
ξ(8) = − z√
T0
sin δx∂t − z√
T1
cos δx∂x +
√
T1
δT2
sin δx∂z ,
ξ(9) = − y√
T0
cos δx∂t +
y√
T1
sin δx∂x +
√
T1
δT2
cos δx∂y ,
ξ(10) = − y√
T0
sin δx∂t − y√
T1
cos δx∂x +
√
T1
δT2
sin δx∂y . (49)
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The Lie algebra is given by
[ξ(1), ξ(3)] = −ξ(2), [ξ(1), ξ(9)] = −ξ(5), [ξ(1), ξ(10)] = −ξ(6),
[ξ(2), ξ(3)] = ξ(1), [ξ(2), ξ(7)] = −ξ(5), [ξ(2), ξ(8)] = −ξ(6),
[ξ(3), ξ(7)] = −ξ(9), [ξ(3), ξ(8)] = −ξ(10), [ξ(3), ξ(9)] = ξ(7),
[ξ(3), ξ(10)] = ξ(8), [ξ(4), ξ(5)] = −δξ(6), [ξ(4), ξ(6)] = δξ(5),
[ξ(4), ξ(7)] = −δξ(8), [ξ(4), ξ(8)] = δξ(7), [ξ(4), ξ(9)] = −δξ(10),
[ξ(4), ξ(10)] = δξ(9), [ξ(5), ξ(7)] =
1
T2
ξ(2), [ξ(5), ξ(9)] =
1
T2
ξ(1),
[ξ(6), ξ(8)] =
1
T2
ξ(2), [ξ(6), ξ(10)] =
1
T2
ξ(1), [ξ(7), ξ(9)] = − 1
T2
ξ(3),
[ξ(8), ξ(10)] =
1
T2
yξ(2), [ξ(9), ξ(10)] = − 1
T2
yξ(1),
[ξ(i), ξ(j)] = 0, (otherwise).
For the case 2iia(∗∗), i.e., δ = 0, T1 = constant and the proper MCs are
given by
ξ(4) = ∂x,
ξ(5) = −T2
T1
z∂x + x∂z ,
ξ(6) = −T2
T1
y∂x + x∂y,
ξ(7) = − T2√
T0
z∂t +
∫ √
T0dt∂z ,
ξ(8) = − T2√
T0
y∂t +
∫ √
T0dt∂y,
ξ(9) =
1√
T0
∂t,
ξ(10) =
x√
T0
∂t − 1
T1
∫ √
T0dt∂x. (50)
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The Lie algebra is
[ξ(1), ξ(3)] = −ξ(2), [ξ(1), ξ(6)] = −T2
T1
ξ(4), [ξ(1), ξ(8)] = −T2ξ(9),
[ξ(2), ξ(3)] = ξ(1), [ξ(2), ξ(5)] = −T2
T1
ξ(4), [ξ(2), ξ(7)] = −T2ξ(9),
[ξ(3), ξ(5)] = −ξ(6), [ξ(3), ξ(6)] = ξ(5), [ξ(3), ξ(7)] = −ξ(8),
[ξ(3), ξ(8)] = ξ(7), [ξ(4), ξ(5)] = ξ(2), [ξ(4), ξ(6)] = ξ(1),
[ξ(4), ξ(10)] = ξ(9), [ξ(5), ξ(6)] = −T2
T1
ξ(3), [ξ(5), ξ(7)] = −T2ξ(10),
[ξ(5), ξ(10)] =
1
T1
ξ(7), [ξ(6), ξ(8)] = −T2ξ(10), [ξ(6), ξ(10)] = 1
T1
ξ(8),
[ξ(7), ξ(8)] = −T2ξ(3), [ξ(7), ξ(10)] = −ξ(5), [ξ(8), ξ(10)] = −ξ(6),
[ξ(9), ξ(10)] = − 1
T1
ξ(4), [ξ(i), ξ(j)] = 0, (otherwise).
For the case 2ii(b), Eqs.(27) and (33) yield Aj = aj and hence Eq.(34) gives
g′′4(x) =
T1
2
√
T0
(
T˙1
T1
√
T0
).g4(x). (51)
This leads to the following two possibilities
(∗) ( T1
2
√
T0
(
T˙1
T1
√
T0
).). = 0, (∗∗) ( T1
2
√
T0
(
T˙1
T1
√
T0
).). 6= 0.
In the case 2iib(∗), we have T1
2
√
T0
( T˙1
T1
√
T0
). = η, where η is an integration
constant which gives further three cases according as η > 0, or η = 0 or
η < 0.
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When η = 0, i.e., case 2iib∗(+), we have T˙1
T1
√
T0
= ǫ, where ǫ is non-zero
arbitrary constant, the proper MCs are
ξ(4) = ∂x,
ξ(5) =
x√
T0
∂t + (
1
ǫT1
− ǫ
4
x2)∂x,
ξ(6) =
1√
T0
∂t − ǫ
2
x∂x. (52)
The Lie algebra is given by
[ξ(1), ξ(3)] = −ξ(2), [ξ(2), ξ(3)] = ξ(1), [ξ(4), ξ(5)] = ξ(6),
[ξ(4), ξ(6)] = − ǫ
2
ξ(4), [ξ(5), ξ(6)] =
ǫ
2
ξ(5), [ξ(i), ξ(j)] = 0, (otherwise).
For the case 2iib∗(++), we have the following proper MCs
ξ(4) = ∂x,
ξ(5) =
cosh
√
ηx√
T0
∂t − ( T˙1
2T1
√
T0
)
sinh
√
ηx√
η
∂x,
ξ(6) =
sinh
√
ηx√
T0
∂t − ( T˙1
2T1
√
T0
)
cosh
√
ηx√
η
∂x (53)
and the corresponding Lie algebra is
[ξ(1), ξ(3)] = −ξ(2), [ξ(2), ξ(3)] = ξ(1), [ξ(4), ξ(5)] = √ηξ(6),
[ξ(4), ξ(6)] =
√
ηξ(5), [ξ(5), ξ(6)] = − 1√
η
{ η
T1
+ (
T˙1
2T1
√
T0
)2}ξ(4),
[ξ(i), ξ(j)] = 0, (otherwise).
In the case 2iib∗(+++), we take take ψ = −η, where ψ is also an arbitrary
constant and the proper MCs turn out to be
ξ(4) = ∂x,
ξ(5) =
cos
√
ψx
T0
∂t + (
T˙1
2T1
√
T0
)
sin
√
ψx√
ψ
∂x,
ξ(6) =
sin
√
ψx
T0
∂t − ( T˙1
2T1
√
T0
)
cos
√
ψx√
ψ
∂x. (54)
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The Lie algebra is
[ξ(1), ξ(3)] = −ξ(2), [ξ(2), ξ(3)] = ξ(1), [ξ(4), ξ(5)] = −
√
ψξ(6),
[ξ(4), ξ(6)] =
√
ψξ(5), [ξ(5), ξ(6)] = − 1√
ψ
{ ψ
T1
− ( T˙1
2T1
√
T0
)2}ξ(4),
[ξ(i), ξ(j)] = 0, (otherwise).
The case 2iib(∗∗) leads to the four MCs out of which three are usual plane
symmetry KVs and one is proper MC.
4 Examples
In this section, we shall present some examples which satisfy the constraints.
1. The following metric satisfy the constraints of the case 1(i)
ds2 = et
a
(dt2 − dx2 − dy2 − dz2) (55)
which has six independent MCs.
2. The solution of the constraint of the case 2ia∗ ∗ (+) turns out to be
ds2 = dt2 − e 2ta dx2 − e 2tb (dy2 + dz2), (56)
where a and b are non-zero constants such that a 6= b. This admits five
independent MCs.
3. When we solve the constraints of the case 2ia∗ ∗ (++), we obtain the
following solution
ds2 = dt2 − dx2 − e 2ta (dy2 + dz2), (a 6= 0) (57)
which admits seven independent MCs.
4. The metrics given below satisfy the constraints of the case 2ii(a)
ds2 = t2(dt2 − dx2 − dy2 − dz2), (58)
ds2 = dt2 − e 2ta (dx2 + dy2 + dz2), (59)
ds2 = dt2 − ( t
t0
)2a(dx2 + dy2 + dz2) (a 6= 0) (60)
which have ten independent MCs.
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5 Discussion and Conclusion
In a recent paper [14], a classification of static plane symmetric spacetimes
has been obtained according to their energy-momentum tensor. We have ex-
tended this classification to non-static plane symmetric spacetimes satisfying
T01 = 0 for the degenerate case only [19]. It was found four, six and ten
independent MCs out of which four are the usual KVs and the rest are the
proper MCs. This paper has been focussed to extend the classification to the
non-degenerate case along with T01 = 0. The results are summarized in the
form of table 1.
Table 1. MCs for the Non-Degenerate Case
Cases MCs Constraints
1(i) 6 ( T˙2
T2
√
T0
). 6= 0, (
√
T1
T2
). = 0
1(ii) 4 ( T˙2
T2
√
T0
). 6= 0, (
√
T1
T2
). 6= 0
2ia(∗) 4 ( T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
6= 0, (T2
T1
). 6= 0, ( T˙1
T1
√
T0
). 6= 0
2ia∗ ∗ (+) 5 (
T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
6= 0, (T2
T1
). 6= 0,
( T˙1
T1
√
T0
). = 0, T˙1
T1
√
T0
6= 0
2ia∗ ∗ (++) 7 (
T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
6= 0, (T2
T1
). 6= 0,
( T˙1
T1
√
T0
). = 0, T˙1
T1
√
T0
= 0
2i(b) 10 ( T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
6= 0, (T2
T1
). = 0,
2iia(∗) 10 (
T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
= 0, ( (
√
T1).√
T0
). = 0,
(
√
T1).√
T0
6= 0
2iia(∗∗) 10 (
T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
= 0, ( (
√
T1).√
T0
). = 0,
(
√
T1).√
T0
= 0
2iib(∗) 6 (
T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
= 0, ( (
√
T1).√
T0
). 6= 0,
( T1
2T0
( T˙1
T1
√
T0
).). = 0
2iib(∗∗) 4 (
T˙2
T2
√
T0
). = 0, T˙2
T2
√
T0
= 0, ( (
√
T1).√
T0
). 6= 0,
( T1
2T0
( T˙1
T1
√
T0
).). 6= 0
We have obtained four, five, six, seven and ten independent MCs out of
which three are the usual plane symmetry KVs and the rest are the proper.
Further, it is mentioned here that each case has different constraints on the
15
energy-momentum tensor. Solving these constraints may lead to some in-
teresting solutions to the EFEs. We have found some examples satisfying
the constraints in some cases which help to find the exact number of proper
MCs. It would be interesting to classify plane symmetric spacetimes accord-
ing to their MCs for the degenerate and non-degenerate cases by removing
the assumption T01 = 0. This would lead to provide a complete classification
of non-static plane symmetric spaces according to their MCs.
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